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ABSTRACT: In the nonlinear polymerizations, the equilibrium number fraction distribution may have
a commonly invariant property. This invariant property is revealed by taking the A, ..., As, — By, ...,
Bs-type reaction proposed by Stockmayer as an example to yield an outcome that under the transformation
between the variables for describing the total system and the variables for describing the sol, the
distribution is left invariant. This invariant property may lead to the fact that the average polymer
quantities for the postgel can be easily obtained from the corresponding quantities for the pregel via a
simple replacement of the variables for the pregel by the sol variables for the postgel. For illustration,

the kth radius of the A, ..., As, — By, ...,

Introduction

As is well-known, the theory of nonlinear polymeriza-
tions was initiated by Flory! and Stockmayer.2 For the
evaluation of average polymer quantities, many
methods3~12 have been proposed effectively for practical
use. In polymerization, the gel point is regarded as the
threshold of the sol—gel transition. The behavior of the
polymer quantities for the postgel is quite different from
that of the quantities for the pregel. Since theoretical
methods for the evaluation of average polymer quanti-
ties have been involved only in the sol regime for both
the pregel and postgel, these have made the investiga-
tors®"10 aware that there might be a way to connect
the quantities for the postgel with those for the pregel
in order to make the evaluation much easier. It will be
shown in this paper that the average polymer quantities
for the postgel can be easily obtained from the corre-
sponding quantities for the pregel via a simple replace-
ment of the variables for the pregel by the sol variables
for the postgel.

This basic result is already known to some extent.
Good5 once used a branching process analysis based on
probability-generating functions to look at the statistics
of the sol fraction, but he may not have made the explicit
observation that the distribution of the sol fraction was
the same as a pregel distribution. A general theory of
gel formation of multifunctional interunit junctions was
proposed by Fukui and Yamabe.” It is easy to find that
for the A, .., Artype reaction, the weight-average
molecular size for the postgel (see eq 69 in their paper7)
can be obtained from the weight-average molecular size
for the pregel (see eq 51 in their paper’) via a substitu-
tion of the variables for the pregel by the sol variables
for the postgel. In the calculation of molecular param-
eters for stepwise polyfunctional polymerization, Miller,
Valles, and Macosko!® explicitly stated that the sol
fraction looks like a pregel system with the parameters
adjusted appropriately. Therefore, we would like to
quote a sentence from their paper!? for treating the As
+ By type polymerization (p 280 of their paper!®)—Figure
4 shows M., (weight average molecular weight for
post-gel in the sol) which can be evaluated from eq 1.26
substituting Pas. (the extent of reaction in the sol
fraction for post-gel) for P4 (the total extent of reaction
for pre-gel) and rsi(rsor = Pasot/PBsot) for r(r = Pa/Pg)".
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Bs-type polymerization is discussed.

The basic result just mentioned above may arise from
a commonly invariant property of the equilibrium
number fraction distribution; i.e., under the transforma-
tion between the variables for describing the total
system and the variables for describing the sol, the
distribution is left invariant. In this paper, we take the
A, ..., As, — By, ..., By type reaction proposed by
Stockmayer® as an example to elucidate the invariant
property. Furthermore, we find that the invariant
property of the distribution may arise from a set of
elementary invariants. The invariant property of the
distribution may lead to the fact that the average
polymer quantities are invariant, since the average
polymer quantities are defined theoretically by means
of the distribution. The similar invariant results were
obtained by examining some other kinds of polymeriza-
tions. For brevity, the details are not reported in this
paper.

By means of an analysis of the relations between the
numerical ranges of the variables for the postgel and
those of the variables for the pregel, the invariant
property of the average polymer quantities results in
the simplification of the evaluation for the case of the
postgel. It is shown that the average polymer quantity
for the postgel can be easily obtained from the corre-
sponding quantity for the pregel via a simple replace-
ment of the variables for the pregel by the sol variables
for the postgel. To illustrate it, the kth radius of the
Aqy, ooy Ag, — By, ..., Bytype polymerization is discussed.

Invariant Property of Equilibrium Number
Fraction Distribution

In this section, we shall take Stockmayer’s A, ,, ..., Aq,
— By, ... Bbt-type3 reaction as an example to reveal the
invariant property of the equilibrium number fraction
distribution; i.e., under the transformation between the
variables for describing the total system and the vari-
ables for describing the sol, the. distribution is left
invariant. The discussions and results presented in this
paper are limited by the ideal network assumptions: (1)
all functional groups of the same type are equally
reactive; (2) all groups react independently of one
another; (3) no intramolecular reactions occur in finite
species. Let us consider a polymerization system?
consisting of two species of monomers A,, i = 1, ..., s)
and By, (j = 1, ..., ¢) with functionalities a; ¢ = 1, ..., 8)
and b; (j = 1, .., ¢), respectively. In order to make our
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discussion easier, some notations are introduced: N,
(Np,) is the pumber of monomers of A;, (By) in the total
system, N, (N ;,,) is the number of monomers of A,
(Bs,) in the sol, p, (ps) is the total equilibrium fractional
conversion of species A (B), p, (p,) is the sol equilibri-
um fractional conversion of species A (B), X; is the
fractional functionality of species A in the total system
defined as

X = i=1,2,..58 ¢}
YaN,
=1 !

X ; is the fractional functionality of species A in the sol
defined as

aN,,
X. =

¢ 8
Ya,
=1

Y; is the fractional functionality of species B in the total
system defined as

i=1,2,..,s (2)

BN,

Y. = Jj=12, ..t (3)

J oo
25,
=

and Y, is the fractional functionality of species B in
the sol defined as

BN,
Y. =

J

. J=L12,..,t 4)
TN,
i=1
The A,,, ..., Ay, — Bs,, ..., By-type distribution of (n;
+ ...+ ns+ 11 + ... + l;)-mer, which has been proposed
by Stockmayer,? takes the form
P{ni}’{lj}({Nai}:{ij}’paspb) =
C{n},{LH Ia({Nai}a{ij},paapb) X
s t
[T 96N, 14N, } o) T ] JUPUN, 3N, } pab)] ¥
i=1 =1
6))
with
C({ni}’{lj}) =
K t 8 t
Qa; = LrY B, — D] [T EH™ x
i=1 j=1 i=1 =1
8 ¢ t
[Q(a; — Dn, — XL+ DI B, — DI —
=1 Jj=1 Jj=1
Y+ DI (6)
=1

where {N,} and {N,} are used to denote N,,, Ng,, ...,
N, and Np,, Np,, ..., No,, respectively. The s + ¢ + 2
quantities I, I, IP (1 =1,2, ..,8, I (G =1,2, .., 8
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defined by Stockmayer® in (5) can be written as

LUN, AN, paby) = (Y aN, (L = p)(1 — py)ip,
i=1
M

t
LN, 3 AN, }pepy) = N, X1 = p)(L = pyipg
j=1
8

@N,py(1 = p)""

I (N} AN bbooy) = —
(QaN, )1 — py)
- i=1,.,5 (9
BNy ~ Py

IPUNG 3 AN, 1P opy) = —
Q5N N1 = p,)
=1
j=1,..¢t (10)
Note that the distribution in (5) is expressed in terms
of ,,I®G=1,2,..,8,and I G =1, 2, .., t) and,
equivalently, the distribution can also be expressed in
terms ofIb,If:) i=1,2,..s), andI},’) G§=12,.,0.1t
is known that the distribution (5) permits the computa-

tion of various average properties for both the pregel
and postgel of ideal polymerizations. Furthermore, we

emphasize that the quantities I, I, / f,’), and [ E,’) are
dependent on the total system variables N,, (i = 1, 2,
v 8), Ny, G =1,2, ..., ), pa, and pp, whereas the quantity
C({ni},{l;-}) is a constant for a fixed set of {n;},{/;}. Since,
for the pregel, the total system variables N"i’ Ng,j, Pa
and py are identical to the sol variables N, N by Pas
and p;,, it is obvious that the quantities I,, I, I 2), and
I are subject to s + ¢ + 2 trivial invariant relations as
follows:
for the pregel

LUN, AN} Poby) = LUN 3N , }ppy) (1)
LUN, AN }popy) = LUN LN 1 popy)  (12)

IQUN LN papy) =1 JUN (AN 3} paiby)

i=1,..,s (13)
IPUN, AN} apy) =T PN 1N, 1oopy)
J=1,.,t (14)

These invariant relations make us realize that the same
relations may be extended to the postgel regime, i.e.
for the postgel

LUN N, }papy) = LUN ANy 1popy)  (15)
LUN, AN, Y Papy) = LUN 1N , }popy)  (16)

I fzi)({Na,')’{ij}’pa’pb) = I (;)({N ;z}’{N ;’J} ’p;’p;)

i=1,..s (A7
IPUN AN Y Poby) =1 PUN (3N, }.poby)
J=1,..,t (18)

The relations (11)—(18) show that for both the pregel
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and postgel, the s + ¢ + 2 quantities I,, I, Iff), and
IY are left invariant under the transformation be-
tween the total system vgriables Na,, Nuy, pe, and pe and
the sol variables N ,, N, p,, and p,. The transforma-
tion can be written formally as

N, =N, (N ,}.{N} }.p..py) (19)
Ny, =Ny (N (1AN , 1poapy) 20)
Po=Pa({N o 1IN ;, }.00:03) 21
Py = PN L LN, }, Pouby) (22)
k=12 ..,s
7,9=1,2,..,¢

As a direct result of the relations in (11)—(18), we shall
see that the invariant property of the distribution in
(5) can be easily deduced. Thus, the s + ¢ + 2 quantities
I, I, 1 fj), and E,’) are referred to as elementary invari-
ant quantities. Several other types of polymerizations
were examined by us and it showed that the corre-
sponding " distributions did possess their elementary
invariant quantities. For brevity, the details are not
reported here.

Now let us deal with the invariant relations for the
postgel in (15)—(18). It seems that the invariant rela-
tions for the postgel in (15)—(18) cannot be proved
directly by using the transformation in (19)—(22), since
the transformation equations cannot be obtained ex-
plicitly except for several special cases. Alternatively,
the invariant relations for the postgel can be proved by
means of the probability method without using the
transformation given by (19)—(22). Let us begin to
discuss the probability method. The sol fractions S, and
Sy, which will be involved in the discussion are defined
as

No

S, = N, T 1,2, ..,5 (23)
Ny

Sy, = N, T 1,2, ..t (24)

By means of the polymer statistics,1:12 it is not difficult
to find that the probability of finding, in the system, a
functional group of type A which is not involved in
polymerization is

1-p, (25)

the probability of finding a functional group of type A
to react with the functional group of type B of a certain
(n1+ ...+ ng + 11 + lp)-mer in the sol is

f 1-p,
P, YS
ng’ ! bjl_pb

(26)

Thus, the total probability3210 of finding a functional
group of type A in the sol is
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1-p

27)

t
X=1-p,+p. 2% S,
J=1 Py

Similarly, the total probability of finding a functional
group of type B in the sol is

s 1-
Y= 1 —pb +prXiSai
i=1

a

(28)
1-p

Since the sol fraction Sy, (S3.) is the probability of finding
a monomer of A, (Bp,) in the sol, it takes the form
for the postgel

S, =X% i=12.,s (29)

Sb< = ij

: j=1,2,.,¢t (30)
where we have taken into account the monomers A, and
By, which have a; and b; functionalities with respect to
the functional groups A and B.

The probability of finding a functional group of type
A, which belongs to A,, having reacted in the sol is

1-p,
%1 — Pq

(31)

This probability can be evaluated by means of an
alternative probability consideration. When a func-
tional group of monomer A, has reacted in the sol, it is
obvious that there are, in the sol, ¢; — 1 functional
groups which belong to A,,. The probability of finding
the a; — 1 functional groups in the solis

xaot (32)
Thus, we have
for the postgel
L—p
S, —Pa_xel j=192..s (33
i 1 —pa

Similarly, we have
for the postgel

I
bfl——pb_ Y J= 1, 2, vy b (34)

Combining (29) and (33) gives
for the postgel

t
(1= p)(Q ;N 3)
1-p, =1

=1-p,tp, . (35)

(1 = P2 Ny)
i=1

J

where we have made use of (24) and (27). Similarly,
we obtain, from (30) and (34)
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for the postgel

(1= p)(Ya; N,)
=1-p,+p, = (36)
1 -p)Qa;N,)
i=1

Taking into consideration (35) together with the defini-
tion of X in (27), we have, from (29)
for the postgel

NI' 1— a;
B o 37)
N 1-p,

@;

where we have made use of the definition of S,, in (23).
Similarly, we have, by means of (30) and (34)
for the postgel

N, (1 —p.\b
—’-( p”)J =1t (38)
1-p,

It should be pointed out that the s + ¢ + 2 relations in
(35)—(38) are independent. By a mathematical method
essentially similar to that which has been introduced
into the theory of the condensation of real gas by Mayer
and by others and which has been applied to the theory
of molecular size distribution and gel formation in
branched chain polymers by Stockmayer, a general
theory of gel formation of multifunctional interunit
junctions was proposed by Fukui and Yamabe' to treat
Stockmayer’s Ay, ..., Ar — By, ..., Bg-type reaction to give
eqs 101 and 102 on p 2060 of their paper,” and these
two equations correspond to (37) and (38) in this paper.
In this section, we shall see that by means of (35)—(38),
the invariant relations of elementary invariant quanti-
ties for the postgel given by (15)—(18) can be easily
proved.
It is not difficult to find that by means of the definition
of I, in (7), (36) can be rewritten as
for the postgel
LN, AN, 1popy) = LUN L 1LAN 1 opy)  (39)
" Similarly, we have, from (35)
for the postgel
Ib({Na‘.}’{ij}spmpb) = Ib({N ai}’{N bj}’pa’pb) (40)
Let us rewrite (37) in the form
for the postgel
N, (1 — P, =N,1 -p)% i=12,..,s (41)
Dividing the left-hand side of this equation by I,({N,,},-
{Ny;},pa,ps) and then dividing the right-hand side by

I ({N } {Nb}’pa’pb) glve
for the postgel

I JGNG} Ny} Pay) =1 JUN (1N 3 }.00ipy)
i=1,2,..5 (42)

where we have made use of (39). Similarly, we have,
from (38) and (40)
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for the postgel

IPUNYAN, Y Popy) =T PUN (1AN 3 }.o.y)

J=12,..,t (43)
The invariant relations for the postgel in (39), (40), (42),
and (43) are just the relations in (15)—(18) which have
been regarded as an extention of the relations in (11)—
{(14) for the pregel. As a direct result of thes + ¢+ 1
invariant relations in (39), (42), and (43) for the elemen-
tary invariant quantities, it is easy to find that the
Stockmayer distribution in (5) is left invariant under
the transformation between the total system variables
N, ij, Pa, and pp and the sol variables N oy N, by pa,
and p,, i.e.
for the postgel

P{ni}’{lj}({Nai},{ij}’pa’pb) =
Py )N o1 AN 3 hpopy) (44)

Also, we have the trivial invariant relation for the pregel
for the pregel

Pty AN ) AN 1D oopy) =
Py iy (N o LN 1 pouby) (45)

where we have made use of the trivial invariant
relations for the pregel in (11), (13), and (14) for the
elementary invariant quantities.

Invariant Property of the Average Polymer
Quantities

In this section, we shall deal with the invariant
property of average polymer quantities.

By means of the distribution P, ;({N,},{Ns},pac,ps) in
(5), an average polymer quantity F({No},{Ng}Da:s)
which is associated with the polymer quantity F({n},-
{{;}) can be defined by writing

FUN,} ANy }:pobs) =

Y, FUnLLY Py ) {NG AN, }ospy) (46)
{nd {4}

Notice that the polymer quantity F({n;},{/;}) is inde-
pendent of the total system variables {N.}, {Ny}, pa,
and p;.

Now let us discuss first the invariant property of the
average polymer quantity in (46) for the postgel. Since
the distribution in (5) is an invariant quantity for the
postgel (see (44)), the product of the two quantities
F({n},{L;}) and P, {z}({NaL} {ij},pa,pb) which appear
as a term in the sum in (46) is also an invariant
quantity, i.e.

for the postgel

F({n;},{L,}) P{ni},{lj}({Nai)’{ij} PaPy) =
FUn} ALY Ppyy 1y UN AN b 1.popy) (47)

where we have made use of the fact that the polymer
quantity F({n;},{;}) is independent of the total system
varlables {Nal} {ij} Pa, and p, and the sol variables

{N b {N b}, P, and p,. By taking the summation
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with respect to the indices {n;} and {/;} on both sides of
the relation in (47), we obtain
for the postgel

2, FUn ALY Pry (N HAN, 1oPals) =
{n;HL}
Y FUnYALD Pry ) (AN AN 3} pouby) (48)
{n:Hl}

It is obvious that this relation is an invariant relation,
and it signifies that under the transformations between
the total system variables and the sol variables, the
quantity Xy F b {41 Py 0i({Nai} {Nb} Daib) which
keeps the expression in the summation form is left
invariant. When the sums are worked out on both the
left- and right-hand sides of (48), we may get two explicit
expressions of the average polymer quantities which are
denoted by Fi({Nu}, {Nb,},Pa,Pb) and F,({N “i}’

{Nb}’paapb) 1 €.
Fi({N, }AN, }poiby) =

>, FUnL D) Py (N, LN, }.Daipy) (49)
{riH{i}

FyAN, ANy }.pops) =

Y, FUnIALD Pray g (N 1N 3 }poopy) (50)
{nH4}

We further emphasize that the exphclt expressions Fi-
({Na}{Nb},paps) and F({N, H{N 5}:DusDs) are ob-
tained by working out the sums in {49) and in (50),
respectively. It should be noted that since the numer-
ical ranges of the total system variables {N,}, {Ny}, pa,
and p are not the same as the numencal ranges of
the sol variables {N }, {Nb}, pa, and pb, F1({Ng;},-
{Np;},papp) and Fz({N H{N b},pa,pb) may have quite
different expressions.

By using the expressions of the average polymer
quantities in (49) and (50), the invariant relation in (48)
becomes

for the postgel

Fy({N, LNy }bopy) = FoN (LN }.ppy) (51)
This relation means that for the postgel, the numerical
value of F1({Nq;},{N;},pa:ps) or equivalently the numer-
ical value of Fy({N, } {N, },pa,pb) is left invariant un-
der the transformation between the total system vari-
ables {Na}, {No;}, Pa, and p, and the sol variables
{N .1, {Nb} Pas Py

For the pregel, it is obvious that the two expressions
F1({Nu},{Ny}.pa:pv) and F,({N HiN b},pa,Pb) in (49)
and (50) are the same, i.e.

for the pregel

FUN,}{N, }.popy) =
Y, FURMALY Py 0y (AN 1N, 1paipy) (52)
{nHi}
FUN LN, }popy) =

2, PUnIALY Py 0)(IN LN 3 }popy) (53)
{n {4}

Thus the invariant relation in (48) for the pregel can
be written as
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for the pregel
FUN,}AN, Y opy) = FUN (1IN, }.popy) (54)

This equation is a trivial invariant relation, since, for
the pregel, the total system variables {No;}, {Ny}, P,
and p; and the sol variables {N L AN b}, D, and p,
are identical.

Relation between the Postgel and Pregel
Polymer Quantities

In order to make our discussion easier, we write down
again the two invariant relations in (54) and (51) which
are remarked in this section as (55) and (56)

for the pregel

FUN, LNy }pby) = FUN 1N , }.oopy) (55)

for the postgel
Fi(N 3Ny }poby) = FoAN 3N 1 }.poopy) (56)

In this section, we shall discuss the relation between
the average polymer quantity F({N,,},{Ns,}.0q,ps) on the
left-hand side of (55) for the pregel and the average
polymer quantity Fz({N }{N b},pa,pb) on the right-
hand side of (56) for the postgel 'It shall be shown that
the quantity FZ({N 5 {N b},pa,pb) for the postgel can
be easily obtained from the quantity F({N,,}, {No;},Pa:pv)
for the pregel via a simple replacement of the variables
for the pregel by the sol variables for the postgel Notice
that in (55), the quantlty F({Na‘} {ij},pa,pb) is identical
with the quantity F({N , b {N b, },pa,pb)

Let us discuss, in the polymerlzatlon the numerical
ranges of the s + ¢ + 2 total system variables {N,},
{Ns;}, pa, and pp and the numerical ranges of thes +¢
+ 2 sol variables {N b {N b} pa, and p,,.

For the pregel, the total system variables and the sol
variables are identical and their numerical ranges are
given as follows

Pa(=p): 0—p%  p,(=p,): 0—p;

N, (=N_)>0 i=1,.,s

N, (=N ;,j) >0 j=1,..,t (567
where the symbol ¢ of p° is used to denote the value of
p at the gel point. (57) states that Do ( = p,) takes the
values from zero to p, Pb (= pb) takes the values from
zero to p;, and Ng, (=N ) and Ny, (= N ;) are positive.

For the postgel, the numerlcal Values of the sol
variables take the following ranges

Py po—0  py py—0

N,:N,—0 i=1,..,s

N,: Ny, —0 j=1,..t (58)
(58) states that pa takes the values from p; to zero, Py
from p; to zero, N from Ny, to zero, and N from Ny,
zero. Though N, ( =N a) and Ny, (= N ) for the pregel

(57) are fixed for a glven polymerlzatlon their values
can still be changed (experimentally) at the beginning
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of the reaction, and then N, (= N’ ) and Ny, (= N )for
the pregel can be regarded as formally changmg in the
manner Ny, (= N )N — 0 and Ny (=N ,): Ny, — 0.
Thus (57) and (58) ¢an be interpreted ‘such that the total
system variables {N,}, {Ny}, ps, and p; for the pregel
have the same numencal ranges as the sol variables
{N b N b} pa, and pb for the postgel. These indicate
that when ‘the sum in (52) for the pregel and the sum
in (50) for the postgel are worked out, the quantity
F({Ny,},{N#;},pa,ps) for the pregel on the left-hand side
of (55) and the quantity F,({N ,},{N b},pa,pb) for the
postgel on the rlght hand side of (?56) will give the same
explicit expression. Thus, we conclude that the quantity
Fy({N, e N b, },pa,pb) for the postgel on the right-hand
side of (56) can be easily obtained from the quantity
F({N,}, {ij},pa,pb) for the pregel on the left-hand side
of (55) via a simple replacement of the total system
variables {N,}, {ij} Pa; and ps for the pregel by the
sol variables {N , b {N b}, pa, and pb for the postgel,
ie.

{Nai}’ {ij},pm pb

—{N LN} popy (59
pregel

postgel

F({N } {Nb}’pa’pb) _'FZ({N } {Nb}’pa:pb) (60)
pregel postgel

Now let us return to the relation in (56) satisfied by the
quantities Fi({Na}{No}paps)  and  Fy((N},
(N b, },pa,pb) for the postgel It is known that the
expressmn of Fa(UN . HIN 5, 1,0..0;) can be obtained ex-
p11c1tly in terms of the sol variables {N b {N b} pa,
and p,, whereas the expression of F1({Nal} {ij},pa,pb)
cannot be, in general, obtained explicitly in terms of the
total system variables {N,;}, {Ns}, pa, and ps, except
for some simple systems such as the Az — Bo- type,lo Ay
- Bz-type and so on. If the quantity Fz({N b
{N b},pa,pb) 1s given for a set of fixed values of sol
variables {N LN b} pa, and pb, we ask, what is the
corresponding valuesjof the total system variables {N,},
{N3}, pa, and p, which are involved in the quantity Fi-
({N;,} {Np}pa,pe)? Ttis easﬂy seen that for a set of fixed
values of sol variables {N, h {N b} pa, and pb, the
total system variables can be evaluated numerically by
solving the transformation equations in (19)—(22) which
arise from (35)~—(38), but for some simple systems such
as the Az — Bs-type,!® A4 — Bo-type, and so on, the total
system variables {Nq}, {Ns,}, pa, and ps can be obta1ned
exphc1t1y in terms of the sol variables {N h IN b},

D, and p,.

The kth Radius of A,, ..., A, = Bp,, .y By,
Polymerization

Type

As an illustration of the invariant property in polym-
erization, the kth radius of A,,, ..., As, — By, ..., Ba,-
type polymerization is taken as an example for our
discussion. For brevity, we restrict our discussion to
the second radius. Since the second radius is given, the
other kth radius can be obtained by the recursion
method which has been proposed by some of the present
authors.12

By means of the expression of average polymer
quantity defined by (46), the kth radius (R?); associated
with the quantity
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FHn 3 {0) = Ry ) (man + Y mpl)t (61)
i J

can be written.as!?

<R2>k = 2 {nl} i })(Zm n; + zmbl) X
{n} {4}
{ﬂi}-{lj}({Nai}:{ij},Pa»pb) (62)

where (R{n}{,}) is the A;, ..., Ag, — By, ... Bz,,-type
mean-square radius of gyration, and my, (mbj) is used
to denote the mass of monomer A, (Bbj) In order to
obtain the explicit expression of (R{n} 4 1), we shall
discuss the decomposition of the combinatorial coef-
ficient C({r;},{;}) given by (6).

By means of polymer chemical kinetics, the decom-
position of C({n;},{l;}) can be expressed as!?

CUn i) = ————— 3 N{n; -k} il -
Zni + le — 1 {kHm)
- m} .k} im}) (63)
with
N({n SRR mj},{ki},{mjp =

—[(2(a - Em + 1)(2(bj — D~ m) -
Z(n —k)+ 1)+(Z(b - 1)m Zk + 1)(E(a -
D(n, — k)—Z(l —m)-’r—l)]x

Clin = kil = my}) Ck L imD) (64)
Furthermore, (63) can be rewritten as

N({ni - ki}’{lj - mj}:{ki},{mj}) _

C({ni},{lj})

{ki}{m;}

S+ L~ 1 (65)
i J

Since the term ¥;n; + X;; — 1 on the right-hand side of
(65) is the number of bonds in the (X;n; + X;)-mer, the
term N({n; — k;},{l; — m;},{k:},{m;})/C({n;},{;}) on the
left-hand side of (65) should be the number of bonds
associated with an imagined split of the Xn; + 31)-
mer. From the explicit expression of N({n; — k;},{l; —
m;},{k:},{m;}) in (64), it is not difficult to find that the
term N{(n; — k:},{; — m;},{k:},{m;})/C({n;},{;}) is the
number of bonds in the (Z;7; + %,i;)-mer whose splitting
produces two moieties of (T;k; + Xm;) and (Xi(n; — k:)
+ 2;({; — m;)) units, respectively.

By means of the decomposition of C({n;},{/;}) in (63)
together with (64), the A,,, ..., As, — Bsy, ..., By-type
mean-square radius of gyration (R{n} I Y can be writ-
ten!? via the formulation of Gordon and i)obson6 in the
form
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by’
(R il }> X
(Zm n, +2mb_lj)2
N({n k1AL — mt kY {m})

CUr ALY

m)I Y m,k

Zmai(ni -
i

;T zmbjmj] (66)
J

{ki}{m;}
ki) + zmbj(lj -
J

where by is the average bond length. In obtaining this
expression, we have considered the meaning of the term
N({n; — ki},{l; — my}, {k b{m;P/C({ni},{L;}) in (65).

By substituting (R? - }> given by (66) and the dis-
tribution P{n,} {zj}({Naj b}.Da,Pb) given by (5) in (R2);
with & = 2 given by (62) and then by making use of some
algebraic techniques, we can obtain the second radius

for the pregel

bO Po
[m + (a
D Py

A

(R?), =

- Dmylm, +

Pb, — m,] (67)

with

=Y aN, (68)
i=1

D=1-(a, - 1)Xb, — Lpp, (69)

a, =D aX, b,=2bY; (70)
i=1

m, = imaiatNai my, = Zmbijb_ (71)
i=1 1

for the postgel
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(R, = ;0 ; 2{m, + pya,, — Dmylim, +
pa(b, — Lm,] (72)
with
N,= ia,.N 5 (73)
D'=1-(a,—- 15, - p,p, (74)
a, = ia,.X'i b, = iijj’. (75)
i=1 j=1

s
m,= Zmaia’i N a;
i=1

Notice that, in the evaluation of (R2); for the postgel,
we have made use of the invariant property of the
distribution in (44).

It is easily seen that the second radius (R2); in (72)
for the postgel regime can be easily obtained from the
second radius (R?); for the pregel regime in (67) via a
simple replacement of the total system variables {N,,},
{Nb} Des and Ps for the pregel by the sol variables
{N, b {N b} p,, and pb for the postgel.
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t
my= Y myb; Ny (76)
Jj=1
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